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Abstract. Recently, Cakalli has introduced a concept of G-sequential connectedness in the sense 
that a non-empty subset A of a Hausdorff topological group X is G-scqucntially connected if 
there are no non-empty, disjoint G-sequentially closed subsets U and V meeting A such that 
A C U (J V. In this paper we investigate further properties of G-sequential connectedness and 
prove some interesting theorems. 



1. Introduction 

The concept of connectedness and any concept related to connectedness play a very important 
role not only in pure mathematics but also in other branches of science involving mathematics 
especially in geographic information systems, population modeling and motion planning in robotics. 

In PP, Connor and Grosse-Erdmann have investigated the impact of changing the definition of 
the convergence of sequences on the structure of sequential continuity of real functions. Cakalli [2] 
extended this concept to topological group setting and has introduced the concepts of G-sequential 
compactness and G-sequential continuity; and has investigated some results in this generalized 
setting (see also [3]). 

One is often relieved to find that the standard closed set definition of connectedness for topological 
spaces can be replaced by a sequential definition of connectedness. That many of the properties of 
connectedness of sets can be easily derived using sequential arguments has also been, no doubt, a 
source of relief to the interested mathematics instructor. 
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Recently, Cakalli [I] has denned G-sequential connectedness of a topological group and investi- 
gated some results in this generalized setting. 

The purpose of this paper is to develop some further properties of G-sequential connectedness 
in metrizable topological groups, and present some interesting results. 

2. Preliminaries 

Before giving some results on G-sequential connectedness we remark some background as follows. 
Throughout this paper, N denotes the set of all positive integers and X denotes a Hausdorff 
topological group written additively satisfying the first axiom of countability. We use boldface 
letters x, y, z, ... for sequences x = (x n ), y = (y n ), z = (z n ), ... of terms of X. s(X) and 
c(X) respectively denote the set of all -valued sequences and the set of all X-valued convergent 
sequences of points in X . 

Following the idea given in a 1946 American Mathematical Monthly problem [5], a number of 
authors Posner -6 , Iwinski [7] , Srinivasan [8] , Antoni [9] , Antoni and Salat [10] , Spigel and Krupnik 
[llj have studied yl-continuity defined by a regular summability matrix A. Some authors Oztiirk 
[12] . Sava§ [13] . Sava§ and Das [14] . Borsik and Salat [15] have studied A-continuity for methods 
of almost convergence or for related methods. See also [16] for an introduction to summability 
matrices. 

A sequence (xk) of points in X is called to be statistically convergent to an element £ of X if for 
each neighborhood U of 

lim -\{k < n : x k -I 4 U}\ = 0, 

71— 5-oo TL 

and this is denoted by st — lim n _ ! . 00 x n — I. Statistical limit is an additive function on the group 
of statistically convergent sequences of points in X (See [17] for the real case and [18] , [19] , [20] for 
the topological group setting and see [21], and [22] for the most general case, i.e., topological space 
setting) . 

A sequence (xk ) of points in X is called lacunary statistically convergent to an element £ of X if 

lim —\{k £ I r : x k -£ £ U}\ = 0, 

r— >oo h r 

for every neighborhood U of where I r — (fc r -i, k r ] and fco = 0, h r : k r — fc r _i — > oo as r — > oo and 
9 = (k r ) is an increasing sequence of positive integers. For a constant lacunary sequence 9 = (fc r ), 
the lacunary statistically convergent sequences in a topological group form a subgroup of the group 
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of all X-valued sequences and lacunary statistical limit is an additive function on this space (see 
[18] for topological group setting and see [23] and [24] for the real case). Throughout this paper, 
we assume that lim inf r k kr - > 1 . 

By a method of sequential convergence, or briefly a method, we mean an additive function G 
defined on a subgroup cg(A) of s(A) into A [2|. A sequence x = (x n ) is said to be G-convergent 
to I if x £ cq(X) and G(x) = £. In particular, lim denotes the limit function limx = lim„ x n on the 
group c(X). A method G is called regular if every convergent sequence x = (x n ) is G-convergent 
with G(x) = limx. Clearly if / is G-sequentially continuous on J*T, then it is G-sequentially 
continuous on every subset Z of A, but the converse is not necessarily true since in the latter case 
the sequences x' s are restricted to Z. This was demonstrated by an example in pQ for a real 
function. 

The notion of regularity introduced above coincides with the classical notion of regularity for 
summability matrices and with regularity in a topological group for limitation methods. See |16| 
for an introduction to regular summability matrices, |25) for an introduction to regular limitation 
(summability) methods and see |26] for a general view of sequences of reals or complex. 

We recall the definition of G-sequential closure of a subset of X from [2] and [3] ■ li A C X and 
leX, then £ is in the G-sequential closure of A, which is called G-hull of A in pQ, if there is a 
sequence x = (x n ) of points in A such that G(x) = I. Denote G-sequential closure of a set A by 

Q 

A and say that a subset A is G-sequentially closed if it contains all of the points in its G-closure, 
i.e., A c A. 

Q Q 

It is clear that <fi = <fi and X — X for a regular method G. If G is a regular method, then 

£ £j 

A C A C A and hence A is G-sequentially closed if and only if A —A. Note that even for regular 

Q G Q 

methods, it is not always true that (^4 ) = A . 

Even for regular methods, the union of any two G-sequentially closed subsets of X need not be 
a G-sequentially closed subset of A as seen considering Counterexample 1 in [3]. 

Cakalh has introduced the concept of G-sequential compactness and proved that G-sequentially 
continuous image of any G-sequentially compact subset of X is also G-sequentially compact [2] 
Theorem 7]. He has defined G-sequential continuity and obtained further results in [3] (see also 
[27] , [28] , [29] , [30] , [31] , [32] , [33] for some other types of continuities which can not be given by any 
sequential method and see |34j for some kinds of continuities which coincide with uniform continuity 
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when the domain of the function is connected). A function /: X — > X is G -sequentially continuous 
at a point u if, given a sequence (x n ) of points in X, G(x) = u implies that G(/(x)) = f(u). 

Recently Mucuk and Sahan 135] have investigated further properties of G-sequential closed sub- 
sets of X. They have modified the definition of open subset to G-sequential case in the sense that a 
subset A of X is G -sequentially open if its complement is G-sequentially closed, i.e., X \ A — X\A 
and obtained that the union of any G-sequentially open subsets of X is G-sequentially open. From 
the fact that for a regular sequential method G, G-sequential closure of a subset of X includes the 
set itself it is easy to see that a subset A is G-sequentially open if and only if X \ A C X \ A. If 
a function / is G-sequentially continuous on X, then inverse image f~^(K) of any G-sequentially 
closed subset if of X is G-sequentially closed 2.. If a function / is G-sequentially continuous on 
X, then inverse image of any G-sequentially open subset U of X is G-sequentially open [551 

Theorem 12]. For a regular method G function f a : X — > X, x H> a + x is G-sequentially continuous, 
G-sequentially closed and G-sequentially open [35J Corollary 3] for any constant a in X. If A and 
B are G-sequentially open, then so is the sum A + B [35J Theorem 15]. Mucuk and Sahan have also 
obtained that a subset A of X is G-sequentially open if and only if each a 6 A has a G-sequentially 
open neighborhood U a such that U a C A [35J Theorem 4]. 

Huang and Lin [36] : and Fedeli and Donne [37] have investigated sequential connectedness. 

Cakalli [4] has recently introduced the concept of G-sequential connectedness as follows. 

Definition 1. A non-empty subset A of a topological group X is called G-sequentially connected if 
there are no non-empty, disjoint G-sequentially closed subsets U and V of X meeting A such that 
AC U 1J V. Particularly X is called G-sequentially connected, if there are no non-empty, disjoint 
G-sequentially closed subsets of X whose union is X. 

The following Theorem is given in [4j Corollary 1]. 

Theorem 1. If G is a regular sequential method and A is a G-sequentially connected subset of X , 
then so is A° . 

Theorem 2. 4 ( Theorem 3] Let {Ai \ i S /} be a class of G-sequentially connected subsets of X if 
C\ ieI Ai is non-empty, then {J ieI Ai is G-sequentially connected. 

Theorem 3. [H Theorem 5] Let G be a regular sequential method, and H a subgroup of X. If H 
is G-sequentially open, then it is G-sequentially closed. 
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We recollect the following definition. 

Definition 2. [4, Definition 2] Let A be a subset of X . A subset F C A is called G- sequentially 
closed in A if F — U<~) A for some G-sequentially closed subset U in X. We say that a subset V C A 
is G-sequentially open in A if A\V^ is G-sequentially closed in A. □ 

Here we remark that a subset B C A is G-sequentially open in A if and only if £? = A n for a 
G-sequentially open subset V of X . 

3. Results 

First, we introduce a concept of G-sequentially connected component of a point x in X which 
extends the concept of an ordinary sequential connected component of a point x in. X. 

Definition 3. The largest G-sequentially connected subset containing a point x in X is called 
G-sequentially connected component of x and denoted by C x . 

We note that C X G coincides with the ordinary sequential connected component of x when G = 
lim. We write ttqX g for the set of G-sequentially connected components of all points in X and 
similarly write tiqA for the set of all G-sequentially connected components of all points in a subset 
A. 

Lemma 1. Let x,y G X. If x and y are in a G-sequentially connected subset A of X , then x and 
y are in the same G-sequentially component of X . 

Proof: Let x and y be contained in a G-sequentially connected subset A of X. Then x,y € 
A C C X G and x, y € A C C y G . So C G C C y G and C y G C G^. Therefore G, = G y . □ 

Lemma 2. TTie G-sequentially connected components of X form a partition of X. 

Proof: It is obvious that G-sequentially connected components form a cover of X. We prove 
that for x, y 6 X if the components C x and G y intersect, then C x = C y . Let z 6 G K PI G y . 
Then z e G,;'' C G z ° and z e C G z since G z is the largest G-sequentially connected 

subset including z. On the other hand C z C G^ and G z C G y since x 6 G;c C C Z ^ and 
y G G y G C C G . Therefore C X G = C G = C y G , and so the proof is completed. □ 

Theorem 4. Let A, B C X. //A and _B are G-sequentially homeomorphic, then ttoA g and ttqB g 
have the same cardinality, i.e. there exists a bijection between them. 
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Proof: Let / : A — > B be a G-sequentially homeomorphism. Define a map 

7T (/): 7T A G -> 7r S G , /(C X G ) = G /(:c) G 

induced by the function /: A — > B. Since / is G-sequentially continuous, the image of a G- 
sequentially connected subset is G-sequentially connected [H Theorem 1]. Hence if y g C X G then 
by Lemma[TJ f{x) and f(y) are in the same G-sequentially connected component and so Cf^ G — 
Cf( y ) G . Therefore the map 7To(/) is well defined. Since / _1 is G-sequentially continuous, if C ' f( x ) G = 
C G ^ y y then G-sequentially components of x and y are same, i.e, C X G — C y G and therefore 7Tq(/) is 
injective. Further since f(C x G ) = C y G with y = f(x), the map 7ro(/) is onto. □ 

Theorem 5. G-sequentially connected component of a point x in X is G-sequentially closed for 
any regular sequential method G. 

Proof: Since the G-sequentially connected component C G is G-sequentially connected, by 
Theorem [1] the closure C x is G-sequentially connected. Since G is reg ular C X G C C x but the 
largest G-sequentially connected subset including x is C X G . Therefore C x C C X G and so C X G is 
G-sequentially closed. □ 

Theorem 6. For a regular sequential method G, the G-sequentially connected component of the 
identity is a G-sequentially closed, normal subgroup of X . 

Proof: Write K for the G-sequentially connected component of the identity point 0. By 
Theorem O K is G-sequentially closed. To prove that if is a subgroup, we prove that K — K C K, 
where K — K is the set of all points x — y for x, y € K. Since if is a G-sequentially connected 
subset, for each x £ K , the set x — K is G-sequentially connected as the image of G-sequentially 
connected subset K under a G-sequentially continuous function. Then by Theorem [5] 

K - K = \J(x-K) 

xeK 

is G-sequentially connected as a union of G-sequentially connected subsets including 0. But the 
largest G-sequentially connected subset including is K . Therefore K — K C K, i.e, if is a 
subgroup. Further for any s£l the function 



f a : X — > X, x h-> a + x — a 
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is G-sequentially continuous. So f a {K) = a + K — a is a G-sequentially connected subset including 
G X. Therefore a + K — a C K , which implies that K is normal. □ 
Let X be a topological group and U a symmetric neighbourhood of the identity 0. We say that 
X is generated by U , if each element of X can be written as a sum of some elements in U. 

Theorem 7. Let G be a regular sequential method. If X is generated by a G-sequentially connected 
and symmetric neighbourhood U of the identity, then X is G-sequentially connected. 

Proof: We prove that every point of X is in the G-sequentially connected component of 0. 
Let x G X . Since X is generated by U , the point x can be written as i = x\ + X2 • • • + x n for 
some Xi € U. So x £ (U + U + ■ ■ ■ + U) which is G-sequentially connected by [H Lemma 7] and 
includes the identity point 0. Therefore by Lemma [TJ x and are in the same G-sequentially 
connected component. This proves that X has only one G-sequentially connected component, i.e, 
X is G-sequentially connected. □ 

In the following theorem we prove that a G-sequentially connected topological group is generated 
by any G-sequentially open neighbourhood of the identity point of X . 

Theorem 8. Let G be a regular sequential method. If X is G-sequentially connected, then X can 
be generated by any G-sequentially open and symmetric neighborhood of the identity. 

Proof: Let U be a G-sequentially open and symmetric neighbourhood of the identity point 
E X and let Xjj be the subgroup of X generated by U. Hence each x € Xjj can be written as 
a sum x — xi + ■ ■ ■ + x n of the points in U and so x £ (U + U + ■ ■ ■ + U). Therefore Xjj can be 

written as a union of the sums U + U H h U. Here by [35l Theorem 15] each sum U + U + ■ ■ ■ + U 

is G-sequentially open and includes 0. By [351 Theorem 3] Xjj becomes G-sequentially open and 
therefore by Theorem [31 Xjj is also G-sequentially closed. Since X is G-scqucntially connected it 
follows that Xjj = X . □ 

In the following definition of G-scqucntially locally connectedness by a G-sequentially connected 
neighbourhood of a point x £ X, we mean a G-sequentially connected subset which contains a 
G-sequentially open subset including x. 

Definition 4. Let G be a sequential method on X. We call X as G-sequentially locally con- 
nected, if for any G-sequentially open neighbourhood U of x, there is a G-sequentially connected 
neighbourhood V of x such that x G V C U. 
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Theorem 9. X is G '-sequentially locally connected if and only if G -sequentially connected compo- 
nents of any G -sequentially open subset are G- sequentially open . 

Proof: Let X be G-sequentially locally connected. Let A be a G-sequentially open subset of 
X, C a G-sequentially connected component of A and x £ G. Since X is G-sequentially locally 
connected, there is a G-sequentially connected neighbourhoof U x of x such that U x C A. But since 
the largest G-sequentially connected subset of A containing x is G, we have that x £ U x C G. 
Therefore by [35l Theorem 4] , G is G-sequentially open. 

On the other hand if G-sequentially connected components of any G-sequentially open subset is 
G-sequentially open, then X becomes G-sequentially locally connected. □ 

A special case of Theorem |9] is that if X is G-sequentially locally connected, then each G- 
sequentially connected component of X is G-sequentially open. 

Theorem 10. Let G be a regular method on X and A,B C X. Let f : A — > B be an onto, G- 
sequentially continuous and G-sequentially open function. If A is G-sequentially locally connected, 
then so is B. 

Proof: Suppose that / : A — ¥ B is an onto function which is G-sequentially continuous and 
G-sequentially open. Let a £ A and b £ B such that /(a) = b, and let U be a G-sequentially open 
neighbourhood of b in B. Since / is G-sequentially continuous, by [35j Theorem 12] /~ 1 (f7) is a 
G-sequentially open neighbourhood of a. Since A is locally G-sequentially connected, there is a 
G-sequentially connected neig hbourhood of a such that V C f^iU). This implies that f(V) C U. 
Here since / is G-sequentially open, f(V) is G-sequentially open and since / is G-sequentially 
continuous, f(V) is G-sequentially connected. Therefore B is also G-sequentially locally connected. 
□ 

4. Conclusion 

The present work contains further results on G-sequentially connectedness in first countable and 
Hausdorff topological groups. So that one may expect it to be more useful tool in the field of 
topology in modeling various problems occurring in many areas of science, geographic information 
systems, population modeling and motion planning in robotics. It seems that an investigation of the 
present work taking 'nets' instead of 'sequences' could be done using the properties of 'nets' instead 
of using the properties of 'sequences'. As the vector space operations, namely, vector addition and 
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scalar multiplication, are continuous in a cone normed space so cone normed spaces are special 
topological groups, we see that the results are also valid in cone normed spaces (see [38] for the 
definition of a cone normed space). For further study, we also suggest to investigate the present 
work for the fuzzy case. However, due to the change in settings, the definitions and methods of 
proofs will not always be analogous to those of the present work (see [39] for the definitions in the 
fuzzy setting). 
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